ON UNIFORM CONTINUOUS DEPENDENCE OF SOLUTION OF CAUCHY 

PROBLEM ON A PARAMETER 
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Abstract. Suppose that an n-dimensional Cauchy problem 

— = f(t,x,n) (tez, neM), x(t ) = x° 

dt 

satisfies the conditions that guarantee existence, uniqueness and continuous dependence of solu- 
tion x(t, to, u) on parameter u in an open set A4. We show that if one additionally requires that 
family {f(t, x, -)}(t,a;) ls equicontinuous, then the dependence of solution x(t,to,/j.) on parameter 
Li e M is uniformly continuous. 

An analogous result for a linear n X n-dimensional Cauchy problem 

^ = A(t, n)x + <t-(t, n) (tez, /us M), x(t ,u) = x°(») 

at 

is valid under the assumption that the integrals f x \\A(t, fi±) — A(t, /ia)|| dt and f x ||$(t,/ii) — 
&(t, "2)11 dt can be made smaller than any given constant (uniformly with respect to ui, "2 £ M) 
provided that — L12W is sufficiently small. 



1. Introduction 

Let I C t be an open interval, let X C M n , M. C R m be domains (i.e. open connected subsets). 
We set V = X x X, Q = X x 7W, O = 1 x A' x M. Suppose that we are given f : O -> R", t e 
X, a; G AT. 

We consider Cauchy problem 

dx 
~db 

The questions related to existence and uniqueness of solution of (JTTTJ) , its extension by continuity 
up to the boundary of T> (to the maximal interval of existence), and its continuous dependence on 
a paramter fi g M. are discussed, e.g. in [TJ p. 53-73] (see also jU p. 19-28, 119]). The next theorem 
contains a number of basic results on that can be found in [T] . 



(l.i) — = f(t,x,n) {tel,(i€M), x(t ) 



X 



Theorem 1.1. Suppose that function f satisfies: 

1) f is measurable on O; 

2) f is continuous in (x, fi) G X x M. for every fixed t£l; 

3) there exists a Lebesgue locally summable function m on X such that 

\\f{t,x,fi)\\<m{t) ({x,n) £ X x M); 

4) for almost every t G X and every [i G M function f satisfies the Lipschitz condition in x: 

\\f{t,x l ,n)-f{t,x",n)\\<L\\x'-x"\\ x',x"e X, 

where Lipschitz constant L is independent of t and fi. 

Then there exists a closed interval [a, b] C X such that for every fi G M. problem (jl.ip has the 
unique solution x(t, fi) on [a, 6] that is absolutely continuous in variable t, and depends continuously 
on fi G M. . (X is the maximal interval of existence of x.) 
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Here and below || ■ || denotes a norm in R fc . We use the same notation for norm of a matrix with 
entries in M. 

The study of ordinary differential equations in the space of Colombeau generalized functions 
(see [3]) requires that the solution x of depends on uniformly continuous (cf. Theorem 11.11 
where the dependence of x on fi is only continuous). We note that it is essential for our purposes 
that M. is an open subset (for a closed and bounded M. the uniform continuous dependence of x 
on /i would follow trivially from Cantor's theorem). 

That under the assumptions of Theorem ll . 1 I thc dependence of x on /j, is not necessarily uniformly 
continuous is demonstrated by the following example. Consider Cauchy problem 
dr 1 

— = sin -, x(0) = 0, t e [0, 1], // S M = (0, 1). 
at fj, 



The assumptions of Theorcm ll.il arc satisfied: indeed, given t > and S, denote 

1 1 



Mi = — , = 
irn 



Then 



iMi - M2I = — , < 5 
nn(2n + 1) 



for a sufficiently large n, and 

\x(t,Hi) - x{t,H2)\ = 



. 1 . 1 

t sin t sin — 

Mi M2 



= t. 



The solution x(t,[i) = ts'm — (t S [0, 11), however, is not uniformly continuous on = (0, 1). 

The following question naturally arises: what additional assumptions are required (cf. Theorem 
in order to ensure the uniform continuous dependence of solution x(t, ix) on parameter [i ? Our 
answer to this question is proposed below. 

2. Nonlinear Cauchy problem 

Suppose that we are given a map F : O — > W ixp . We say that the family {F(t,x, -)}(t, x)ev of 
maps M — > R nxp is equicontinuous if 
(2.2) 

(Ve > 0) (3d > 0) (V(t,x) €V, V/i 1; M2 e M : - /fell < $) (\\F(t,x,m) - F(t,x,fi 2 )\\ < e). 
For example, if F(t,x,fj,) = g{t,x)h(fi), where g : V ->• M" xm , h : M ^ R mx 'P, function 3 is 
continuous and bounded on T>, then {F(t,x, -)}(t,x)ev is equicontinuous if and only if function h 
is uniformly continuous on M. 

Lemma 2.1. Suppose that F satisfies Lipschitz condition in /i £ A4 uniformly with respect to 
(t,x) £ V, i.e. \\F(t, x, /Ji) — F(t, x, /Z2) || < M||/ii — /J2H ((t,x) € 2?), where M is independent of 
t and x. Then {F(t,x, ■)}^ t ^ G -p * s equicontinuous. 

Proof. Let s > be arbitrary, let fix, /x 2 S be such that ||jL*x — A*2|| < ^ = Then \\F(t, x, ^1) — 
F(t,x,A*a)|| <M||/*i-/*2|| <e. □ 

Let us note that family {F(t, x, -)}(t. x )eT> can be equicontinuous even if function F does not 
satisfy the Lipschitz condition in variable /i. For instance, if in the example above we set m = p = 
1, /i(/i) = /isin -, M. = (0, 1), then h and, consequently, F do not satisfy the Lipschitz condition in 
variable /i on A4, although h is uniformly continuous on (0, 1), hence the corresponding function 
family is equicontinuous. 

Theorem 2.2. Suppose that function f satisfies conditions 1) — 4) of Theorem ll. 1\ and, addi- 
tionally, condition 5): family {f(t,x, ■)}(*, x)£V *s equicontinuous on M.. 

Then the dependence of the solution x(t, /1) of Cauchy problem (|1.1[) on /1 G M. is uniform 
continuous [uniformly with respect to variable t £ [a, b]). 
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Proof. Let us fix an arbitrary e > 0. Suppose that 5 > in accordance with condition (|2.2I) . and 

let fa,fx 2 £ M be such that \\fa — (j. 2 \\ < S. 
t 

Since x(t, fa) — x° + J f(s, x(s, fa), fa) ds (i — 1, 2) then, assuming first that t > to and using 

to 

conditions 4) and 5), we obtain an estmiate 

\\x{t,fa) - x(t,fj, 2 )\\ < / \\f(s,x(s,fa),fa)-f(s,x(s,fj, 2 ),p, 2 )\\ds< 



f(s,x(s,fa),fa) - f(s,x(s,fj, 2 ),fa)\\ ds+ \\f(s,x(s,fa),fj, 2 ) - f(s,x(s,fi 2 ),fa,)\\ ds < 



<L \\x(t, fa) - x(t, fi 2 )\\ ds + e(b — a). 



< 



In 

Now, using Gronwall-Bellman inequality [31 p. 37] we obtain 

\\x(t, fa) - x(t, fa)\\ < e(b - a)e L{b ~ a l 

In the case t < to the argument is analogous. The obtained inequality immediately yields the 
uniform continuous dependence of x on \i £ M (uniformly with respect to t £ [a, b]). □ 

Using Lemma |2. 11 we obtain 

Corollary 2.3. Suppose that function f satisfies conditions l)-4) of Theorem ! 1 . 1\ and a Lipschitz 
condition 

\\f(t,x,fa)-f(t,x,fa)\\<M\\fa-fa\\ ((t,x)eV, fa,fa>£M), 
where M is independent oft and x. Then the assertion of Theorem \2.2\ holds. 

By the remark above the additional assumption 5) of Theorem l2.2l is weaker than the additional 
assumption of Corollary |2.3l Indeed, for the Cauchy problem 
dx 1 

— =fasm -, x(0) = 0, t e [0,11, fiG M= (0,1) 
dt [i 



the assumptions of Theorem 12.21 are satisfied, while the assumptions of Corollary 12.31 are not. 

3. Linear Cauchy problem 
We now consider the linear variant of problem (11.11) : 

(3.3) ^ = A{t, fi)x + ip(t, fa) (tel,neM), x(t Q )=x°. 



The solution of Q3.3P exists on the whole interval I and is possibly unbounded. Thus, in general 
one can not expect that family 

^, -)}(M)ex> = {A{t, -)x + (fi(t, -)}(M)6f 

is equicontinuous. Of course, we can restrict this family to a closed subinterval [a, b] C X; then 
solution x of (|3.3|) is bounded on [a, b] and we can apply Theorem 12.21 and Corollary 12.31 It is, 
however, desirable to have a sufficient condition that ensures the uniform continuous dependence 
of ir on a parameter, when the argument t varies in the whole interval I. 



It will be convenient to consider a matrix- valued analogue of problem ()3.3p : 
(3.4) ^ = A(t,fa)X + <t>(t,n) (tel,»GM), X(t ,fa)=X°(fa), 



pnxn 



where A, <I> : T x M — > M. nxn are summable in t over X for every pi £ M, X : 1 x M 
is absolutely continuous in t over T for every fx G M, and X° : Ai — > M. nxn is continuous and 
bounded on M. 
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Let X be the set of absolutely continuous on X for all (i G Ad n x n-matrices X(t,(i) endowed 
with metric 

p(X(t, /ii), X(t, fi 2 )) = A*a) = ||*(*o, Mi) - *(*o, M2)|| + jf Mi) - *(t, A*a) II dt. 

This is a complete metric space. We denote by X to C X the subspace of non-degenerate n x n- 
matrices X(t, fi) normed at point to by the condition X(to, fi) = E, where E is the identity matrix. 
The induced metric in X to is given by the formula 

p(X(; M2 )) = p(Mi, M2) = £ \\X(t, Ml ) - X(t, /x 2 )|| (ft. 

Further, let 21 be the set of summable on X for all /j, G Ad n x n matrices ^4(i,//) endowed with 
norm 

n(A)= (n( M )) = J\\A(t,iM)\\dt, 

let 2to be the space of bounded and continuous onA^nxn matrices with norm \\X°\\ = sup 1 1 X° (fi) \ \ . 

Clearly, spaces 21, 2lo are Banach. It follows from Theorems 1 1 . 1 1 and 1 2 . 2 1 that Cauchy problem (|3.4p 
determines a continuous map ^(/i) : 21 x 21 x 2lo — > X that depends continuously on /a G Ad. 
Similarly, Cauchy problem 

(3.5) ^=A(t^)X (t€l,n€M), X(to,n)=X°0t) 

can be viewed as a continuous (bijective) map 3t)(m) : 21 x 2lo — > Xt that depends on /j 6 M 
continuously. Our goal is to establish the conditions under which these maps depend on /i uniformly 
continuously on A4. 

We say that B G A is integrally uniformly continuous on .A/f if the following condition is satisfied: 
(Ve>0) (36 >0) (V/i!,^ GX : ||mi-M 2 || <^) (^J \\B(t, fH ) - B(t, fi 2 )\\ dt < e^j. 

Theorem 3.1. Suppose that 

1) functions xi, ip, ri : Ad — > [0,+oo), u;/iere <^(/x) = / ^)|| di, ?](^) = are 
bounded on A4; 

2) function X° G 2to is uniformly continuous, and functions A, $ G 21 are integrally uniformly 
continuous on Ad. 

Then the solution Y(t,/J,) of problem (|3.4p is uniformly continuous in fi G A4 (uniformly with 
respect to t G Ij, and maps #o(m)(A X°) and $(n)(A, $, X°) are uniformly continuous on A4 
(uniformly with respect to t G X). 

Proof. We choose a constant K > such that the following inequalities are satisfied: 

(3.6) n(/i)<if, <p{ji)<K, v(v)<K, £±\\E\\<K. 
Denote 



o(/xi,M2) = JJAfafxJ-A^^Wdt, f(Mi,M2) = Jf ||*(t,Aii)-$(i,/i2)||dt, 

y(Mi,M 2 ) = II^Vi)-^V)ll- 

In the next four lemmas we obtain a number of estimates needed to complete the proof of the 
theorem. Some of these lemmas (e.g. Lemmas 13.31 and !3-5[) are interesting in their own right. 

Let C(t, s, 11) = X(t, ^i)X^ 1 (s, fi) be the Cauchy matrix of the homogeneous system of differen- 
tial equations (|3.5[) (let X(t,/j,) be its fundamental matrix normed at point to). 
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Lemma 3.2. The following estimates hold: 

(3.7) \\X(t,fJ>)\\ < £,e" M < Ke K (t€l,fi€ M); 

(3.8) \\X-\t,n)\\ <£e" M <Ke K (teX,fxGM); 

(3.9) \\X(t,in)-X(t,im\\ <^ e 2nM+^ 2 ) f \\A(s,f, 1 )-A(s,ti 2 )\\ds<K 3 e 3K a(ti 1 ,ti2) 



i 



(t e 1, G M); 

(3.10) WX-^^-X-^t,^ < £3 e 2n (All )+S( M / || A ( S)/il )_ A ( S)/i2 )|| ds < K 3 e 3K a(/ii)/i2) 



I 



(t e J, m,n2 g X); 

(3.11) \\C(t,s,fi)\\ <£ 2 e 2 "M <^ 2 e 2K (t, s G 2, /x G VW), 

(3.12) ||C(f, S , Ml )-C(i )S ,/i2)||< 

< C 4 e 2n (All) +H(p 2 )( e H( w ) +e S(P2)) f_\\A( s ,^) -A(s,t, 2 )\\ds < 2K 4 e 4K a (^^ 2 ), 

where t, s G Z, Mi , M2 G .A4 . 



I 



Proof of Lemma \3.2i From differential equations X(t,/ii) = A(t, fii)X(t, /i<) (i = 1,2) we obtain 
the following differential equation (Cauchy problem) 

(3.13) = A{t7 ^)( X (t, /n) - /ia)) + (A(t, mi) - A(t, » 2 ))X(t, M2 ), 

(X(t ,A*i)--X'(*o,/i2)) =0 

which we may consider as a non-homogeneous matrix differential equation with respect to the 
unknown function Y = X(t, /ii) — X(t, fi 2 ), having A(t, fix) as its matrix, with the right-hand side 
(A(t,fj.i) — A(t, ^i 2 j)X{t, fj, 2 ), and having zero initial value. Using Cauchy formula, we obtain 

Y(t)= f X{t, t i 1 )X-\s,fx 1 )(A(s,i^ 1 )-A(s,fx 2 ))X{s,n 2 )ds, 

Jto 

which implies that 

(3.14) ||y|| < / ||X- 1 ( fl ,/ii)||.||yl( fl ,/i 1 )-A( fl ,/i 2 )||.||X( fl ,/i 2 )||d fl . 



J t 

t ft 

Now, since X(t, Mi) = E+jA(s,fj,i)X(s,Hi)ds, we have ||X(t,/ii)|| < £+ / \\A(s, fj,i)\\-\\X(s, fj,i)\\ ds. 

t Jt { -y 
By Gronwall-Bellman inequality (see, e.g. [§} p. 37]) 

||X(i,/ii)||<£exp(^ |[A( S)Atl )[[d^ <£expQf ||A( S ,Mi)||d S ) < (teZ). 

Since 

dy "^' /il) =-X- 1 (t,/ii)A( f>m ), 

we can apply the above argument to function X _1 (t, mi), thus arriving to estimate (|3.8[) . 
Using (|3.7I) . (|3.8I) . (I3.14j) . we obtain estimate (|3.9[) . A similar argument gives us (|3.10l) . 
Now, it follows from ([3T? ]) -([3T8" j) that 

\\C(t,s,n)\\ < \\X(t,ri\\ ■ WX-^s,^ < £ 2 e 2S ^ (MG2). 
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Furthermore, using estimates (|3.9[) and (|3.10l) we get 

\\C(t, s, (ii)-C(t, s, p 2 ) || = \\X(t, mi) (X-\a, n 1 )-X- 1 (s,fx 2 )) - (X(t, p!)-X(t, p 2 ))X~\s, p 2 )\\< 
< ||x(t, Ml )|| • lix- 1 ^^) -X-^mfiW + \\X(t,p 1 ) -X(t,p 2 )\\ • ||J^- 1 ( S , M2 )|| < 

<^4 e 2n(/, 1 )+1i(/, 2 )( e ti(p 1 ) +e n(/, 2 )) y ||^( aj ^ _ ^(s, /i2)|| ds (f,«6Z). 

The proof of Lemma T3. 2 1 is complete. □ 

In the next lemma we esimate from above the distance p(X(-, p\), X(-,fa)) — p(pi,p 2 ). 
Lemma 3.3. 

Kfa,fa)<^ Ml) i^{fa)^^ l)+ ^ 
(fa, fa G M). 

Proof of Lemma \3.3i Using estimates (|3.13|l . (|3.14|l and (|3.9|l we obtain 

p(fa,fa) = J \\X(t, fa) - X(t, fa)\\ dt = 

= J \\A{t, fa)(X(t, fa) - X(t, fa)) + (A(t, fa) - AQk, fa))X(t, fa)\\ dt < 

\\A(t, fa)\\ \\(X(t, fa) - X(t, fa)\\ dt + J^ \\A(t, fa) - A(t, fa)\\ \\X(t, fa)\\ dt < 

< £e*^ (n(fa)ee«^ + «^ + l) J \\A(s, fa) - A(s, fa)\\ ds 
This completes the proof of Lemma 13.31 □ 

Next, we obtain estimates for the solution Y = Y(t,p) of non- homogeneous Cauchy problem 
El- 



Lemma 3.4. We have the following estimates: 

(3.15) \\Y(t,p)\\ < \\X°(p)Ue tt M+Z 2 e 2n M- [ ||$(s,/i)|| ds < K 2 e K + K 3 e 2K (t el, p G M), 



(3.16) \\Y(t,p 1 )-Y(t,p 2 )\\<^e n ^\\X (p 1 )-X°(p 2 )\\ + 

+ ^ e 2n( /11 )+n( /12 ) ^||X°( Ml )|| + £e n ^) + e n ^ jf ||*(«, pi)\\ ds^j y \\A(s, Ml) - A(s, p 2 )\\ ds+ 

+ e 2 e 2nfe) • J Ms, mi) - p 2 )\\ ds < 
< Kxi(p x ,p 2 ) + K 2 a(pi,p 2 ) +K 3 f(fa,fa) (t el, fa, fa e X), 
where Kx = Ke K , K 2 = K 4 e 3K (1 + K + e K ), K 3 = K 2 e 2K 
Proof of Lemma \3.4\ Using Cauchy formula we obtain 

(3.17) Y(t,p)=X(t,p)X Q {p)+ f C(t,s,p)$>( S) p)ds (tel,peM). 
Further, according to (|3.7j) and p. lip we have the estimate 

\\Y(t,p)\\ < \\X(t,p)\\ \\X°(p)\\ + f \\C(t,s,p)\\ ■ \Ms,p)\\ ds < 



<\\x"(p)He n ^ +ee 2nM ■ / \Ms,p)\\ds (tel,peM). 
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Now, in virtue of (|3T7| . (|3TTT) . (|33f and (|3TT2j) we have 

||Y(i,Mi) < \\X(t,m)-X(t,H2)\\ \\X°(^)\\ + \\X(t, m )\\ \\X°(to) -XV)||- 

+ max ||C(t, s,jui) -C(t,8,fj, 2 )\\ ■ / ||$(s, Mi)|| ds+ 
(*,s)e=i 2 J x 

+ max ||C(t,s,/i 2 )|| • / \\$(s,fi 1 )-<Z>(s,n 2 )\\ds< 
(M)e=x 2 Jx 



< ||*V)II ||25|| 3 e M/.i)+*(/*) j H^Mi) ~ A( SlAt2 )|| d S + - ^°(M 2 )|| • £e n( ^ + 

+ € 4 e 2n(Mi)+n0i,)( e n( W ) +c »(w)) ^ \\A(s, - A(s, ds ■ J ||$(«, W )|| dfl+ 

+ e 2 e 2n( ^ 2) • jf ||$(«, Mi) - A*2)|| d S = ee"^ 2 ' ||^°C^i) - X (M2)||+ 
+ ^e^O+nfe) f [[* + £e»0*> + e n ^) £ ||$( s , Ml )|| ds) jf Mi) - A(s, /i 2 )[| ds+ 

+ e 2 e 2nfe) • jf ||*(fl, Mi) - M 2 )|| (t G X, M 1,M2 G M), 
which concludes the proof of Lemma 13.41 □ 

Now, we estimate from above the distance p(Y(-, Mi), Y(-,to)) = p(/xi,/i2)- 
Lemma 3.5. 

(3.18) p(m,M 2 )< 

< K x ||X°( Ml ) - X°( M2 )|| + X 2 jf mi) - A(t, ti 2 )\\ dt + K 3 jf ||$(t, M i) - $(t, /i 2 )|| dt, 

w/iere #i = 1 + K 2 e K , K 2 = K 2 e K (l + Ke K + K 3 e 2K + 2K 3 e 3K ), K 3 = 1 + K 3 e 2K . 
Proof of Lemma Iff. 51 According to p.4[) we have 

m(Mi, to) = ||*V) - X°(n 2 )\\ + £ \\Y(t, mi) - r(t, M2)[| dt < f(Mi, M2)+ 
+ JjA(t,^)\\ \\Y(t,f H )-Y(t,to)\\dt + JjA{t,^)-A(t,to)\\ ||Y(*,M2)Mt + f(Mi,M 2 ) < 
< f (mi, to) +K(Ke K i (mi, M2) + i^ 4 e 3K (l + 2e K )a( f i 1 , to) + K 2 e 2K f (mi, M 2 )) + 

+ K 2 (e K + Ke 2K ) a (mi, to) + f(Mi, M 2 ) = # if (Ml, A*a) + ^a(Mi , M 2 ) + ^sfOl . M2), 
as needed. □ 



Now, we are ready to complete the proof of Theorem 13.11 Let e > be arbitrary. By our 
assumptions there is 8 > such that if ||mi — M2II < S, then 

£ £ £ 

?(Mi>M2) < iprr, a(Mi,M 2 ) < irrr, f(^i,to)< 



3Jfi' 3K 2 : '^'^ 3if 3 ' 



3 

e £ £ 

y(/xi,M2) < a(Mi,M2)<^^, f(Mi.M2)< 



3Ki ~ 3K 2 3K 3 

This esimate, combined with Lemma T3.4I (estimates p. 161) ) and 13.51) . implies that 

\\Y(t,to)-Y(t,n)\\<£ (tez), p(y(.,/ii),y(., /la ))<E. 

The proof of Theorem 13. II is complete. □ 
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Theorem 3.6. The assertion of Theorem \3. 1\ remains true if we replace in its formulation n, ip, a, f 
with, respectively, 

n q (fi)=(J x U(ri\\ q dty, ?M= U\\m\\ q dt\\ 

0p{Hi,»2) = (J \\A(t, m) - A(t, m 2 )|| p dtj ' , f p (pi,H2) = Qf ||$(t, m) - $(t, m 2 )|| p dtj ' 
(l<p<+oc, l + l = l] 



Proof. In the proof of Theorem 13. 1[ in the estimates of the integrals of products one has to apply 
Holder inequality. □ 
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